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Abstract 

We study thermodynamics and thermodynamic geometries of tidal charged black holes in four dimensions. 
Such black holes are spherically symmetric vacuum solutions of the effective Einstein equations on the brane 
and are characterized by the mass m and (generalizing their general relativistic counterparts) by a second 
parameter, the tidal charge q. The latter is an imprint of the Weyl curvature of the 5-dimensional space- 
time, in which the brane is embedded. The heat capacity of the tidal charged black hole diverges on a 
set of measure zero of the parameter space. However, there is no indication of phase transition at those 
points based on both the Poincare stability and the thermodynamic geometry analyses, similarly to the 
Reissner-Nordstrom black hole. The uncovered thermodynamic geometries of the tidal charged black holes 
are as follows: the Weinhold metric is flat, the Ruppeiner metric has a positive Ricci curvature. The state 
space is conformal to the right half of the interior of the future light cone in a Minkowski plane. 
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I. INTRODUCTION 



Thermodynamics of black holes (BHs) was formulated almost 40 years ago by Bardeen, Carter 
and Hawking The BH entropy (also known as Bekenstein-Hawking entropy) is known to be 
proportional to the area of the event horizon. Without using natural units, it reads 

where c, ks, G and h are speed of light, Boltzmann's constant, Newton's gravitational constant and 
the reduced Planck's constant, respectively and A represents the area of the horizon. 

Despite the fact that BH thermodynamics is well established, there is no controlled calculation of 
BH entropy based on standard statistical mechanics which associates entropy with a large number 
of microstates. The first paper on the BH's microstate counting appeared in 1996 by Strominger 
and Vafa {2] when they were able to calculate the Bekenstein-Hawking entropy of a five-dimensional 
extremal BH in the framework of string theory, and ever since there have been a growing number 
of papers on this topic. 

An alternative way to study BH thermodynamics phenomenologically is by using a certain 
pseudo-Riemannian geometry defined on the thermodynamic state space (the parameter space). 
On such a space, one defines the "thermodynamical" metric known as the Ruppeiner metric. This 
metric is defined as the negative of the Hessian of the entropy S with respect to the mass m and 
other extensive parameters g*, including electric charge and angular momentum: 

g^, = -dad,S{m,q') . (2) 



The first paper on the subject is by Ruppeiner [3]; a review on the application to various thermody- 
namic systems is given in [4']. Recently the Ruppeiner geometry of anyon gas has also been worked 

out \m. 

n 

Mathematically the Ruppeiner geometry is one particular type of information geometry [6||. 
Ruppeiner originally developed his theory in the context of thermodynamic fiuctuation theory, for 
systems in canonical ensembles. Many black holes have negative specific heats and are described 
microcanonically. For systems with non-interacting underlying statistical models, such as the ideal 
gas, the Ruppeiner geometry is fiat pii]. Singularities in the curvature of the Ruppeiner metric signal 
thermodynamic instabilities of the system in question. 

The most physically significant result as reported in is that the Myers-Perry Kerr BH ther- 
modynamic instability is detectable in the Ruppeiner geometry. More precisely, the curvature 
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singularities of the Ruppeiner metric signal the onset of thermodynamic instabilities of the Myers 



Perry Kerr BHs in dimensions D > 5, found earlier by Emparan and Myers js]. 

In it was shown that the Ruppeiner metric for a two-dimensional thermodynamic state space 
is flat, provided the entropy takes the power-law form S = mPf{Q/m) for any p ^ 1, where Q 
represents a conserved charge (the angular momentum in the case of the spinning Kerr BH). This 
small theorem is useful when one wants to quickly rule out thermodynamic curvature singularites of 
the system. Certain BHs do have flat Ruppeiner metric, e.g. Reissner-Nordstrom (RN), BTZ, and 
4-dimensional Einstein-Maxwell-dilaton BHs. Well known examples of BHs with non-flat Ruppeiner 
geometry include Kerr, Kerr-Newman, and Reissner-Nordstrom- AdS BHs [l^. Recent papers on 



ll||-[19||. To 



applications of the Ruppeiner geometry to black hole thermodynamics are listed in 
date thermodynamic geometry is accepted as one of the standard tools used in investigating whether 
instability or critical phenomena is present in a given thermodynamic sytem. 

An alternative geometric approach to thermodynamics is given by the Weinhold metric [20I . 
which is defined as the Hessian of the mass (internal energy) with respect to entropy and other 
extensive parameters such as charge, angular momentum, etc. 

gZ = dad^m{S,q') . (3) 

The Weinhold metric is equal to the conformally rescaled Ruppeiner metric, 

9^ = Tg^ , (4) 

where it is understood that both metrics have been transformed to the same set of coordinates. 
The conformal factor T is the temperature. 
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The relationship (|4| has been derived previously using involved thermodynamical arguments 
We present in the Appendix a generic and simple proof of the statement (|4]). 

Black hole solutions arise not only in general relativity and string theory, but also in brane- 
world gravity models. There are many brane-world scenarios, but in the simplest gravity evolves 
in a curved 5D space-time (the bulk), which contains a temporal 4D hypersurface (the brane), on 



which all the field of the standard model are 
governed by an effective Einstein equation [2^- 



ocalized. Gravitational dynamics on the brane is 

3- 



The most well-known brane BH is the spherically symmetric vacuum tidal charged BH, derived 
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ds^ = -/ (r) dt^ + /-I (r) dr^ + ^2 (^^^2 ^ g.j^2 g^^2^ ^ 



The metric function / is given as 

/W = l- — + (7) 

Such BHs are characterized by two parameters: their mass m and tidal charge q. The latter arises 
from the Weyl curvature of the 5D space-time into which the brane is embedded (more exactly, 
from its "electric" part as computed with respect to the brane normal). 

Formally the metric ([6|) agrees with the Reissner-Nordstrom solution of a spherically symmetric 
Einstein-Maxwell system in general relativity, provided we replace the tidal charge q by the square of 
the electric charge Q. Thus g = is always positive, when the metric ([6]) describes the spherically 
symmetric exterior of an electrically charged object in general relativity. By contrast, in brane- world 
theories the metric ([6]) allows for any sign of q. A positive tidal charge weakens the gravitational 
field of the black hole in precisely the same way the electric charge of the Reissner-Nordstrom black 
hole does. A negative tidal charge, however, strengthens the gravitational field, contributing to the 
localization of gravity on the brane. 

The structure of the tidal charged BH in the case g > is in full analogy with the general 
relativistic Reissner-Nordstrom solution^. For < g < rr? it describes tidal charged BHs with two 
horizons, located at r± = m it \J — q, both below the Schwarzschild radius. For q = the two 
horizons coincide at re = m (this is the analogue of the extremal Reissner-Nordstrom black hole). 
Finally there is a new possibility forbidden in general relativity due to physical considerations on 
the smallness of the electric charge. This is g > m? for which the metric ^ describes a naked 
singularity. Such a situation can arise whenever the mass m of the brane object is small enough, 
compared to the effect of the Weyl curvature expressed as a tidal charge. If we assume that the 
tidal charge q is essentially a global property of the brane, then the latter can contain many BHs 
of mass m > yjq and several naked singularities with mass m < y^, which would be an intriguing 
contribution to dark matter. 

For any g < there is only one horizon, at r_|_ = m -|- \J w? -\- \q\ . For these BHs, gravity is 
increased on the brane by the presence of the tidal charge. This again contributes towards the 
localization of gravity on the brane. 

Work on the tidal charged BH includes the matching with an interior stellar solution, a procedure 
requiring a negative q j27(], the study of weak deflection of light to second order in both parameters 

^ In making analogy with the RN BH one can also consider the Born-Infeld BHs, which is a nonlinear generalization 
of the RN BH [26.] 
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28l |. [29||, a confrontation with solar system tests and the evolution of thin accretion disks in 



this geometry 



3l|. 



In this paper we analyze the tidal charged BH with the geometric methods provided by the 
thermodynamic metrics. We start in Sectionllllby deriving the entropy of the tidal charged BH and 
analyzing its mass and tidal charge dependences. These thermodynamic considerations could be 
useful not only per se, but also for the analysis of the possible 5D extensions of the tidal charged BH. 
What we have in mind here is that some years ago Emparan, Horowitz and Myers have constructed 
a lower-dimensional toy model with BTZ black holes on the brane, which are BTZ "black strings" 



in the bulk 



32] • They were able to show that the four-dimensional entropy computed from the 



horizon area agrees (to a leading order at large mass) with the three-dimensional entropy computed 
from the circumference of the horizon. The two definitions of the entropy differed in the number of 
dimensions and in the value of the corresponding Planck masses. Therefore the result of [32] can be 



taken as a hint that there are thermodynamic constraints on the 5D extension of the tidal charged 
BH, which are provided by our present analysis. 

In Section [U we also compute the temperature and analyze the heat capacity at constant q. 
Then in Section IIIII we present an exhaustive study of the Ruppeiner and Weinhold geometries of 
the tidal charged BH. Finally we discuss our results in the concluding section. 



II. THERMODYNAMIC CONSIDERATIONS 
A. Entropy and mass 

The exterior horizon for q > or the only horizon for q < are both given by 

r+ = m + e , (8) 

where we have introduced the shorthand notation = — q, real for any q < m? . The BH's 

entropy can be calculated using the celebrated formula ([T]) with geometrized units and /cb = I/tt 
chosen for convenience, 

S=^ = rl = {m + Qf . (9) 

It is instructive to see the variation of entropy with the BH parameters. If the mass increases, 
the entropy will always increase (Fig. [1]). By contrast, the entropy decreases with increasing q 
(irrespective of the sign of q) until S = m? and the minimal horizon area A = Airm? are reached at 
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Figure 1: The entropy always increases with the mass. The plots are for negative tidal charged BH with 
q = —1 (soHd line), Schwarzschild BH with q ~ (dashed line) and positive charged tidal BH with q = 1 
(dotted line). In the latter case one can see that the entropy is not defined for masses below the extremal 
limit TO < y/g. 

the extremal limit q = (Fig.[2|). This is to be expected since for q > m? the metric ([6|) describes 
a naked singularity (thus the area A is undefined). 

We can also invert the entropy function to obtain the mass for the tidal charged BH as follows 

™^f(l.|). (10, 

Invoking the first law of thermodynamics 

dm = TdS + i^dq (11) 

where 

dm 1 

is the potential associated with the tidal charge. 

Although the solution ([6]) is static, one could interpret these findings in the following sense. In 
order to obey the second law of thermodynamics, the mass of such a BH can slowly increase in 
a classical quasi-stationary process.^ This is exactly what is happening in an accretion process. 
Similarly, the 5D geometry may evolve in a quasi-stationary way only so that the tidal charge 
decreases in time. This is a second condition that should be obeyed by the yet unknown 5D space- 
time admitting the tidal charged BH brane (the first condition being that it is not 5D Schwarzschild- 
anti de Sitter). 



For now, we disregard the Hawking radiation, which is negligible for astrophysical black holes. 
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Figure 2: The qualitative behaviour of entropy vs. tidal charge. The entropy decreases with increasing q. 
The plot is for m = 2. 



B. Hawking temperature and heat capacity 



T(m, q) = dsm = = — . (13) 



By the first law of thermodynamics, the Hawking temperature of the BH is given by 

1 e_ 

The same value T(m, q) is found by computing the temperature of the Hawking radiation if one 
uses the well-known formula for the surface gravity of a spherically symmetric Killing horizon (see 



e.g. 



[388). 

The temperature T{in,q) increases with q for g < up to the maximal value T = l/(8m) at 
g = 0, then decreases with increasing q > down to T = 0, which is reached in the extremal limit 
[q = m^). Thus the minimal entropy belongs to T = and the hottest BH with a given mass is for 
q = 0, representing the Schwarzschild BH. 

The heat capacity of this BH at constant q is given by 

_dm _ dS _ fdT\-' _ fd^my' _-2S{Sj-q)^ 
^^-fff-^'dT-^\'ds) -^\d¥) - S-3q ■ 

We can readily observe that the heat capacity diverges along S = 3q or equivalently q = 3m^/4. No 
such behaviour occurs for any q < (for which we always have —00 < Cg < 0). In (m, q)-coordinates 
we can express the heat capacity as 

(m + ef 

Plotted against G , the heat capacity is shown on Fig [3l 
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Figure 3: The heat capacity Cq as function of 8 for m = 0.5 (solid curve), m = 1.5 (dashed curve) and 
m = 3 (dotted curve). All these curves show a vanishing heat capacity in the extremal case (at = 0) and 
a divergent behaviour at 9 = m/2 (equivalent to q — 3to^/4 or S = 3q). Up to the Schwarzschild limit 
(at = m, marked with a bar on the graphs) the curves apply both for tidal-charged black holes and for 
Reissner-Norstrom black holes (with electric charge Q — y^). The region of the curves for 8 > m (thus 
g < 0) applies only for tidal-charged black holes. 

Both the heat capacity and its first derivative 

dC^ ^ 2(m^-0^) (m + 4e) 

de {m-2ef ^ ' 

become singular at G = m/2, that is at q = 3m^/4. 

In the domain of its negative values the heat capacity reaches a local maximum at the 
Schwarzschild configuration (G = m), as can be seen from both Eq. (fT6]) and Fig[3l 

The thermodynamical interpretation of negative heat capacity is that such a BH cannot be in 
a stable equilibrium with an infinite heat reservoir held at T = TBH{fn,q). For instance, a small 
thermal fluctuation may transfer some heat to the BH and make the BH colder, thus making heat 
transfer even more efficient. This is the typical behavior of Schwarzschild BHs, which are unstable 
with respect to emission of Hawking radiation in empty space and can be stable only in thermal 
contact with a finite-volume reservoir. Since the Universe may be considered as an infinite heat 
reservoir having the temperature of the cosmic background radiation, these considerations may 
be relevant to the cosmological stability of primordial or near-extremal BHs that have very low 
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temperature. A near-extreme black hole with tidal charge q > 3m^/4 has a positive heat capacity 
and thus can remain in a stable equilibrium with an infinite heat reservoir at T = Tbh- 

Nevertheless, Schwarzschild BHs are known to be linearly stable with respect to perturbations 
which are nonvanishing on the bifurcation two sphere [s^. 



C. Poincare stability analysis 

In this subsection we address the issue of microcanonical stability of the tidal charged BH 
by using the so-called Poincare method (see e.g. [3J, which has been used to decide 



whether critical phenomena or change of stability occurs in BH systems by plotting a conjugacy 
diagram (with a conjugacy parameter, in our case the inverse temperature, plotted against a control 
parameter, in our case the mass) and analyze the change in the convexity /concavity of the curve 
around any occuring "turning point". According to this method there is a change of stability 
whenever the concavity/convexity of the curve changes at a turning point. 

We plot the conjugacy diagram of the tidal charged BH for q = 0.25 on Fig 4. In the extremal 
imit, at m = 0.5, the curve goes to infinity. The Davies point where the heat capacity diverges 



37l | is at m = 0.577. As the curve has no turning point at all, according to the Poincare method 



there is no change of stability in any point, in particular neither in the Davies point. 



III. THERMODYNAMIC GEOMETRY 



A. The Ruppeiner metric 



The geometry of the tidal charged BH depends on two parameters: m and q. From the generic 
definition ^ we find the corresponding Ruppeiner metric as 



d,s 



2 



1 r 



2 (m - 28) (m + 8)^ dm^ - 2{m^ - Q^)dmdq + — dg^J . (17) 



'fi- 03 

The Ruppeiner curvature scalar is 

^ = 28(m + 8) ^^^^ 

It is readily seen that the curvature scalar diverges in the extremal limit for g > 0, but stays regular 

for any g < 0. It is also worth to remark that at the Davies point the metric becomes degenerate 

(the coefficient of dm? vanishes). We note here that for RN BHs the situation was identical: a 

□ 

singularity in the heat capacity also emerged [10(| when the metric became degenerate, and was not 
accompanied by a phase transition. 
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Figure 4: A conjugacy diagram (inverse temperature vs. mass) of the tidal charged BH for q = 0.25. The 
extremal limit is at to = 0.5 where the curve goes to infinity. There is no "turning point", so even at 
TO — 0.577, the Davies point (where the heat capacity diverges), the stability holds. 

B. The Weinhold metric 



By passing to coordinates (m, 0) in the Ruppeiner metric and using the conformal relation ([4)) 
as well as the expression for the temperature (fT3]l . we obtain the Weinhold metric explicitly as 



(m + 29) dm^ - lOdrnde + rndQ"^ 



{m + ey 

This can be further simplified by introducing the new coordinate r+ replacing 6: 

drA 



^,2 _dr^ 
(low — — 



m- 



2dm 



then passing to (Z = logr+, W = log (r+/m^)) we find 



dsy^i = mdZdW , 



with 



m = exp 



Z-W 



(19) 



(20) 



(21) 



(22) 



In the coordinates (?7+ = 2exp(Z/2) , U- = 2 exp (—1^/2)) the Weinhold metric becomes mani- 
festly flat, dsyy = —dU+dU-. One can also introduce Minkowskian coordinates as U± = X ±Y, 
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finding ds^, = -dX'^ + dY'^. The sequence of coordinate transformations leading to this result can 
be summarized as 

, m 



The inverse transformation is 



Y = ^-^. (23) 



4r+ = {X + y f , 

4m = - . (24) 



C. Direct derivation of the Weinhold metric 



As a further consistency check of our calculations we express from Eq. ([9)) the mass m of the 
tidal charged BH in (5, q) coordinates, obtaining 



m=^(l + |) (25) 
This allows to calculate the Weinhold metric directly from its definition: 

It can easily be checked that the above metric is flat. It is worth noting that when S = 'iq (where 
the heat capacity diverges) the Weinhold metric is degenerate. By performing a transformation to 
(m, 0) coordinates, we recover the form (fTOl) of the Weinhold metric. 



D. The geodesies of the thermodynamic metrics 

The thermodynamic metrics have interesting physical interpretation. A Weinhold geodesic (the 
path of least Weinhold length) in the parameter space corresponds to a quasistatic process that, in a 
well-defined sense, optimizes the "thermodynamical time," which roughly means the time necessary 
for quasistatic relaxation during the process js^. Since in the present case the Weinhold metric 
is flat, its geodesies are straight lines both in the Minkowskian coordinates {X,Y) and in the null 
coordinates U± = X 

U+ = aU- + /3 , (27) 

with a, 13 constants. 
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Figure 5: A state space plot of the tidal charged BH embedded in the flat Minkowskian parameter space. 
Note that the thermodynamic light cone (TLC) describes m — and the wedge fills the right half of the 
TLC with the TLC itself excluded. The vertical axis represents the extremal limit in which T — 0. 

On the other hand, the "length" of a process computed in the Ruppeiner metric describes the 
minimum dissipation (increase of entropy) that is unavoidable in a quasistatic process 

Q- The 

geodesic equations for the Ruppeiner metric are the simplest when written in the conformally 
Minkowskian null coordinates U±: 




(28) 



with A an affine parameter. 



E. The global structure of the Ruppeiner geometry 



The expression of the temperature in the (X, Y) coordinates is 



r_|_ — m 



AY 



(29) 



T = 



3 ' 



(X + Y) 



which leads to the manifestly conformally flat form of the Ruppeiner metric: 




(30) 



Note that the domain of the original Ruppeiner coordinates is 




(31) 



12 



The corresponding ranges of the variables 6,r+ are > 0, r_|_ > 0; the Minkowskian coordinates 
defined by ([231) have the range X > Y > 0. Thus the state space is equivalent to the right half 
of the interior of the future light cone of a Minkowski plane, with the vertical boundary included 
but the light-like boundary excluded. (The light cone describes m = states as can be seen from 
4m = X'^ — y^, which for q > does not correspond to BH metrics.) The extremal states are 
located at {X = 2^frn > 0, 1" = 0), i.e. on the positive half of the time-like coordinate axis (the 
vertical boundary). This can be also seen by writing the curvature scalar (fTSj) of the Ruppeiner 
metric in the (X, Y) coordinates: 

1 4 
R = — ^ — = ^ . (32) 

2 (r+ - m) r+ Y {X + Yy 

We also remark that passing to the {X, Y) coordinates by the transformation ([24l) induces a 
degeneracy. For each pair of coordinates (m, g), as well as for (m,G) or (m, r+), we can associate 
any of the combinations (±X, it Y), with X, Y defined by Eq. (f23]l . Therefore the light cone of 
the Minkowski plane provides a four-fold coverage of the original state space. This is similar to 
the introduction of the well-known Kruskal coordinates for the Schwarzschild geometry: Kruskal 
coordinates cover four patches in the Kruskal-Szekeres diagram, while the original coordinates cover 
only one patch. 



IV. CONCLUDING REMARKS 



We have studied the thermodynamics and thermodynamic geometries (both Ruppeiner and 
Weinhold) of the tidal charged brane BH (characterized by mass m and tidal charge q) in detail. 

Depending on the Weyl curvature of the 5D space-time, the induced tidal charge can be either 
positive or negative. Whilst from the point of view of gravitational curvature the first case is a 
mere rewriting of the RN geometry with electric charge Q = ^Jq, a negative tidal charge has no 
correspondence in general relativity. Along the well-known property that such a negative tidal 
charge strengthens the gravitational field of the BH and as such contributes to the localization of 
gravity on the brane, our analysis has explicitly shown here that < is also thermodynamically 
preferred, as it comes with a higher entropy. 

Despite the fact that the space-time about the tidal charged BH with q > is similar to that 
of the RN BH, their thermodynamic geometries are quite different. Most notably, the Ruppeiner 
geometry of the tidal charged BH is found non-flat, as opposed to the Ruppeiner metric for the RN 
BH, which is flat |lo|. 
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While the thermodynamic state space of the RN BH is a Rindler wedge embedded in a Minkowski 
parameter space, the state space of the tidal charged BH is the right half of the interior of the future 
light cone of the Minkowski plane, with the vertical boundary included but the light-like boundary 
excluded. The light cone of the Minkowski plane provides a four-fold coverage of this state space, 
similarly to the four-fold covering of the curvature coordinates for a Schwarzschild BH by Kruskal 
coordinates. 

As for some other BHs, the induced Ruppeiner geometry of the tidal charged BH has a physical 
singularity in the extremal limit and a degeneracy at the Davies point, where the heat capacity 
diverges (at q = 3m? /A). The Poincare method analysis shows however no critical phenomena 
ocurring there, similarly as for the Kerr BH [34 1, where despite the change of sign of the heat 
capacity through infinite values at the Davies point, the stability remains unchanged. 
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Appendix A: THE GENERAL RELATION BETWEEN THE RUPPEINER AND WEIN- 
HOLD METRICS 

In this Appendix we present a concise derivation of the generic statement that the Ruppeiner and 
Weinhold metrics ^ and ([3|) are conformally related, with the temperature ([5]) as the conformal 
factor. 

Let us consider a scalar function^ m (x) of the variables x = {x"" | o = 1, n -|- 1, n G A^|. We will 
^ The function m is generic at this stage, but will be identified with the mass at the end of the Appendix. 
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also consider another coordinate system y = {y*^ | c = l,n + 1, n G A^j in the same configuration 
space. A series expansion of 6m = m{x + 5x) — m{x) about an arbitrary point gives 

(x) = ^5x^ + l^^Jx^x' + O {5xf , (Al) 



Ox" 2 dx'^dx^ 

dm c 1 ^^"^ ,^.c,^d , ,nr,..\3 
dy^ ^ 2 dy^dy'^ 



(y) = —M + ^T^Z^M^y' + O {Syf ■ (A2) 



It is understood that all derivatives are evaluated at the same point xq, and that yo and 6yo represent 
xq and 6xq expressed in the coordinates {y'^}. In particular, we have a similar expansion 



Let us now derive a relationship between d'^m/ dx"'dx^ and d'^m/ dy^dy'^ . By inserting Eq. (IA3P into 
Eq. (|Aljl . we obtain a second expression for 5m as a function of the coordinates y; that expression 
should coincide with Eq. (IA2p order by order. By identifying the first-order and second-order 
contributions with the respective quantities of Eq. (IA2p we obtain: 

dm (y) dm (x) dx"" (y) 



dy^ dx°- dy^ 



(A4) 



d'^m {y) d'^m (x) dx"' (y) dx^ (y) dm (x) (y) 
QycQyd dx"-dx^ dy'^ dy'^ dx"- dy'^dy'^ 

While Eq. (IA4p is simply the chain rule, Eq. (1A5I1 is the identity that will eventually yield the 
desired result. 

In order to achieve this, we specify the coordinates as follows, 

X = {q\...,q^,S} , (A6) 
y = {q\...,q^,m} . (A7) 

In other words, the coordinates y* are the same as x* except for the last coordinate y""*"^, which is 
chosen as the function m(x) itself. It then follows that 



Qyi i ' 

thus the left hand side of Eq. (|A5|) identically vanishes. It is also straightforward to see that 



(A8) 



9 x" (y) d 



dS{y) 



A"A« _|_ A'i 

"i^c + ^n+l Qy. 



QyCQyd Qyd 

Thus Eq. (lASll is reduced to the identity 

d'^m (x) c?x" (y) dx^ (y) _ dm (x) d'^S (y) 
dx'^dx^ dy'^ dy'^ dS dy'^dy'^ 
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5- (A9) 

^n+l QyCQyd- i^yj 



(AlO) 



By recalling the definitions jS]) and ^ of the Ruppeiner metric, Weinhold metric and tem- 
perature, respectively, by having in mind that the set of coordinates x and y are given by Eqs. 
(|A6jl - (IA7j) . we have recovered the desired relation 

9Zi-)%-f^,=T9f.iy) > (All) 
where the left hand side represents the Weinhold metric transformed to the y coordinates. 
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